We discuss how to test whether the distribution of regression errors belongs to a parametric family of continuous distribution functions, making no parametric assumption about the conditional mean or the conditional variance in the regression model. We propose using test statistics that are based on a martingale transform of the estimated empirical process. We prove that these statistics are asymptotically distribution-free, and two Monte Carlo experiments show that they work reasonably well in practice.
INTRODUCTION
Specification tests for the distribution of an observable random variable have a long tradition in Statistics. However, there are many situations in which the random variable of interest for the researcher is a non-observable regression error.
For example, in Economics, the productivity of a firm is defined as the error term of a regression model whose dependent variable is firm profits; and, in Finance, the return of an asset over a period is usually defined as the error term of a dynamic regression model. In contexts such as these, knowing whether the distribution of the error term belongs to a specified parametric family or not may be crucial to achieve efficient estimation, to determine certain characteristics of interest (such as percentiles or number of modes) of the error term, or to design an efficient bootstrap procedure. This is the problem that we study in this paper.
Let (X, Y ) be a bivariate continuous random vector such that E(Y 2 ) is finite, and denote m(x) ≡ E(Y |X = x) and σ 2 (x) ≡Var(Y |X = x). We can consider then the error term ε ≡ {Y − m(X)}/σ(X), which is, by definition, a zero-mean unit-variance random variable. The objective of this paper is to describe how to test a parametric specification of the cumulative distribution function (c.d.f.) of ε, while making no parametric assumptions about the conditional mean function m(·) or the conditional variance function σ 2 (·). Specifically, if F ε (·) denotes the c.d.f. of ε and F ≡ {F (·, θ), θ ∈ Θ ⊂ R m } denotes a parametric family of zero-mean unit-variance continuous c.d.f.'s, each of them known except for the parameter vector θ, we propose a testing procedure to face the hypotheses H 0 : ∃ θ 0 ∈ Θ such that F ε (·) = F (·, θ 0 ), vs.
H 1 : F ε (·) / ∈ F, when independent and identically distributed (i.i.d.) observations
with the same distribution as (X, Y ), are available. The testing procedure that we propose here could also be used, with appropriate changes, if the family F reduces to one known c.d.f. (i.e. when there is no unknown parameter θ), or if the error term that is to be analyzed is defined by removing only the conditional mean (i.e. when we consider the error term Y −m(X)). The specific test statistics that should be used in these more simple contexts are discussed below.
The testing problem that we study in this paper can also be considered as an extension of the classical goodness-of-fit problem. Suppose that a parametric specification for the c.d.f. of an observable continuous variable Y is rejected using a traditional nonparametric goodness-of-fit statistic, such as the KolmogorovSmirnov one; one of the drawbacks of these statistics is that the rejection of the null hypothesis gives no intuition about the cause of the rejection. In this situation, it would be of interest to examine if the only reason why the null hypothesis has been rejected is because the parametric family fails to capture appropriately the behaviour in mean of Y ; if we want to check whether this is the case, then we would have to analyze if the parametric specification is appropriate for Y −m(X).
If the null hypothesis were rejected again, we might be interested in going one step further and testing whether the parametric family fails to capture appropriately the behaviour in mean and variance of Y ; thus, we would have to analyze if the parametric specification is appropriate for {Y −m(X)}/σ(X), and this is precisely the testing problem that we consider here.
The test statistics that we propose in this paper can be motivated by studying the relationship between our problem and the classical goodness-of-fit problem.
If the error term ε were observable and parameter θ 0 were known, our test would be the classical goodness-of-fit test. In our context, the unobservable errors must be replaced by residuals, which must be derived using nonparametric estimations of m(·) and σ 2 (·) since no parametric form for these functions is assumed, and parameter θ 0 must be replaced by an appropriate estimator, say b θ. Thus, any of the traditional nonparametric goodness-of-fit statistics could be used as a statistic for our test and computed using nonparametric residuals and the estimator b θ.
However, it is well-known in the literature that the consequence of replacing errors by parametric residuals and parameters by estimators in goodness-of-fit tests is that the resulting statistics are no longer asymptotically distribution-free (see e.g. Durbin, 1973 or Loynes, 1980 ; furthermore, the asymptotic null distributions usually depend on unknown quantities and, hence, asymptotic critical values cannot be tabulated. In this paper we prove that this is also the case when nonparametric residuals are used, and we discuss how this problem can be circumvented in our testing problem. Specifically, by using the results derived in Akritas and Van Keilegom (2001) , we derive the asymptotic behaviour of goodness-of-fit statistics based on nonparametric residuals and estimators; and then, following the methodology introduced in Khmaladze (1993) , we derive the martingale-transformed test statistics that are appropriate in our context.
The rest of the paper is organized as follows. In Section 2 we introduce the empirical process on which our statistics are based and derive its asymptotic
properties. In Section 3 we describe the martingale transformation that leads to asymptotically distribution-free test statistics. In Section 4 we report the results of a set of Monte Carlo experiments that illustrate the performance of the statistics with moderate sample sizes. Some concluding remarks are provided in Section 5.
All proofs are relegated to an Appendix.
STATISTICS BASED ON THE ESTIMATED EMPIRICAL PROCESS
If we had observations of the error term {ε i } n i=1 and parameter θ 0 were known, we could use as a statistic for our test the asymptotic Kolmogorov-Smirnov
. Both K n and C n are functionals of the so-called "empirical process"
where I(·) is the indicator function; hence, the asymptotic properties of K n and C n can be derived by studying the weak convergence of the empirical process V n (·). In our context, the test statistics must be constructed replacing errors by residuals and the unknown parameter by an estimator. Since no parametric assumption about the conditional mean m(·) or the conditional variance σ 2 (·)
is made, the residuals {b ε i } n i=1 must be constructed using nonparametric estimates of these functions. Specifically, we consider Nadaraya-Watson estimators,
is a known kernel function and {h n } is a sequence of positive smoothing values. With these estimates we construct the nonparametric residuals
On the other hand, the unknown parameter must be replaced by an appropriate estimator b θ, usually also based on the residuals b ε i . Thus, the test statistics that can be used
where b
Hence, the asymptotic behaviour of b K n and b C n is derived studying the asymptotic properties of the process b V n (·), which will be hereafter referred to as the "estimated empirical process".
First of all we discuss the asymptotic relationship between the empirical process V n (·) and the estimated empirical process b V n (·), since this relationship will be crucial to establishing the asymptotic behaviour of b K n and b C n . The following assumptions will be required:
Assumption 1: The support of X, hereafter denoted S X , is bounded, convex and has a non-empty interior.
that is twice continuously differentiable and strictly positive in S X .
admits a density function f (·|x). Additionally, both F (y|x) and f (y|x) are continuous in (x, y), the partial derivatives
exist and are continuous in (x, y), and sup x,y |yf(y|x)| < ∞, sup x,y |y ∂ ∂x
Assumption 4: The functions m(·) and σ 2 (·) are twice continuously differentiable. Additionally, there exists C > 0 such that inf x∈S X σ 2 (x) ≥ C.
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Assumption 5: The kernel function K(·) is a symmetric and twice continuously differentiable probability density function with compact support and R uK(u)du = 0.
Assumption 6: The smoothing value h n satisfies that nh
Assumption 7: The c.d.f F (·, θ) admits a density function f (·, θ) which is positive and uniformly continuous in R. Additionally, f (·, ·) is twice differentiable with respect to both arguments, F (·, ·) has bounded derivative with respect to the second argument and sup z∈R |zf (z, θ)| < ∞ for every θ ∈ Θ.
Assumption 8: For a certain metric d(·, ·), there is a unique value θ 0 in Θ sat-
, where the function ψ(·, ·, ·) is twice continuously differentiable with respect to the second argument and is such that
and Ω ≡ E{ψ(X, ε, θ 0 )ψ(X, ε, θ 0 ) 0 } is finite. ensures that the true parameter θ 0 is identified under H 0 . The metric that is introduced in this assumption depends on the procedure that is used to estimate θ 0 ; note that a natural estimation procedure in this context would be residual-based maximum-likelihood, but other procedures such as minimum distance or method of moments might be preferred for robustness or computational reasons.
Assumption 9 implies that, under H 0 , the estimator b θ is root-n-consistent; note also that the asymptotic expansion that is assumed for n 1/2 ( b θ − θ 0 ) is satisfied, under suitable smoothness assumptions, by most estimators.
Our first proposition states an "oscillation-like" result between the empirical process and the estimated empirical process in our context.
Proposition 1:
If H 0 holds and assumptions 1-9 are satisfied then
where
Note that processes A 1n (·) and A 2n (·) arise as a consequence of the nonparametric estimation of the conditional mean and variance, respectively, whereas A 3n (·) reflects the effect of estimating θ 0 . The following theorem states the asymptotic behaviour of b K n and b C n .
Theorem 1: Suppose that assumptions 1-9 hold. Then:
where D(·) is a zero-mean Gaussian process on R with covariance structure
Since the covariance structure of the limiting process depends on the underlying distribution of the errors and the true parameter, it is not possible to obtain asymptotic critical values valid for any situation. To overcome this problem, it would be possible to approximate critical values by bootstrap methods. This is the approach that is followed in Neumeyer et al. (2005) in a closely related context.
However, following Khmaladze (1993) and Bai (2003) , it is also possible to propose test statistics based on a martingale transform of the estimated process; this is the alternative approach that we explore in the next section. The advantage of this alternative approach is that it usually leads to test statistics with better power properties (see e.g. Koul and Sakhanenko 2005 and Mora and Neumeyer 2008) with much less computational effort, since no resampling is required.
STATISTICS BASED ON A MARTINGALE-TRANSFORMED PROCESS
As Proposition 1 states, three new processes appear in the relationship between the estimated empirical process b V n (·) and the true empirical process V n (·). These three additional processes stem from the estimation of the conditional mean, the conditional variance and the unknown parameter. If we follow the methodology described in Bai (2003) , this relationship leads us to consider the martingaletransformed process
on the unknown parameter θ 0 , we cannot use it to construct test statistics; obviously, the natural solution is to replace again θ 0 by b θ. Thus, we consider the estimated martingale-transformed process c W n (·), defined in the same way as W n (·) but replacing θ 0 by b θ. With this estimated process we can derive a Kolmogorov-Smirnov or a Cramér-von Mises statistic as above. However, in this case, the supremum (in the Kolmogorov-Smirnov case) and the integral (in the Cramér-von Mises case) are not taken with respect to R, because the asymptotic equivalence between W n (·) and c W n (·) is only proved at intervals (−∞, z 0 ], with z 0 ∈ R (see Theorem 4 in Bai, 2003) . Thus, the statistics that we consider are
, where z 0 is any large enough fixed real number; note that the factor that depends on F (z 0 , b θ) is introduced in order to obtain an asymptotic distribution that does not depend on z 0 .
The asymptotic behaviour of the martingale-transformed statistics are derived studying the convergence of c
The following assumptions, which ensure that the martingale transformation behaves properly, are required.
Assumption 10: C(u, θ) is a non-singular matrix for every u ∈ [−∞, +∞) and for every θ ∈ Θ.
Assumption 11: There exists M 0 such that
Assumption 10 ensures that the martingale transformation can be performed.
This assumption, which is not satisfied in some cases, might be relaxed at the cost of some more technical complexity; in this case, generalized inverse matrices would have to be used (see Tsigroshvili 1998) .
Theorem 2: Suppose that assumptions 1-11 hold.
a) If H 0 holds and F (z 0 , θ 0 ) ∈ (0, 1), then:
where W(·) is a Brownian motion.
Fréchet-Cramér-Rao regularity conditions (see e.g. Rohatgi and Saleh 2001, p. 391) then there exists z * ∈ R such that, if z 0 ≥ z * , ∀ c ∈ R:
It follows from this theorem that a consistent asymptotically valid testing procedure with significance level α is to reject 
, then the test statistics should be based on the process
where f 0 (·) and f 0,u (·) denote the first and second derivative of F 0 (·).
If we were interested in testing whether the c.d.f. of the error term Y − m(X) belongs to a parametrically specified family of zero-mean continuous c.d.f.'s, then the test statistics should be based on the process c W n (·) as defined above, but 
SIMULATIONS
In order to check the behaviour of the statistics, we perform two sets of Monte
Carlo experiments. In all experiments, independent and identically distributed
are generated as follows: X i has uniform distribution on (0, 1) and
, where X i and ε i are independent, and the distribution of ε i changes across experiments. In the first set of experiments we test the null hypothesis that the error term ε ≡ {Y −m(X)}/σ(X) is standard normal, when in fact it follows a standardized Student's t distribution with 1/δ degrees of freedom, and we consider δ = 0, 1/12, 1/9, 1/7, 1/5 and 1/3; thus, in our first set of experiments H 0 is true if and only if δ = 0, and the other values of δ allow us to examine the ability of the testing procedure to detect deviations from the null hypothesis caused by thick tails. In the second set of experiments we test the null hypothesis that the error term ε is distributed as a standardized Student's t distribution with θ (unknown) degrees of freedom, when in fact ε = [U − E(U )]/Var(U ) 1/2 and U is a skewed Student's t 5 distribution (see Fernandez and Steel, 1998) with density function
, where f (·) is the Student's t 5 density, and we consider γ = 1, 1.25, 1.50, 1.75 and 2; thus, in our second set of experiments H 0 is true if and only if γ = 1, and the other values of γ allow us to examine the ability of the testing procedure to detect deviations from the null hypothesis caused by asymmetries. Note that the error U can be generated from a uniform random variable on (0, 1), say Z, by considering
where Q 5 (·) is the inverse of the c.d.f. of a Student's t 5 distribution; also note that
In the first set of experiments, since there is no θ parameter under the null hypothesis, the test statistics are based on the process W n (·) defined as in (1), but now with the function q(·) that appears in (2), which in this specific case proves
In the second set of experiments parameter θ is estimated by the method of moments using the fourth order moment and assuming that the null hypothesis is true, i.e.
in these experiments the test statistics are based on the process c W n (·) and, in this case, since f (u, θ) is the density of a standardized Student's t θ density, then
where ψ(·) is the digamma function. The computation of the statistics requires the use of Nadaraya-Watson estimates of the conditional mean and variance functions.
We have used the standard normal density function as a kernel function K(·),
and various smoothing values to analyze how this selection influences the results; specifically, we consider h
and C (j) = j/2. The integrals within the martingale-transformed process have been approximated numerically. Finally, we consider z 0 = 1.645 in experiment 1 and z 0 = 2.015 in experiment 2; thus, when H 0 is true approximately the top 5% residuals are discarded.
In Tables 1 and 2 , we report the proportion of rejections of the null hypothesis for n = 100 and n = 500 with various significance levels; these results are based on 1000 replications. We only report the results for the Cramer-von Mises type statistics, since the results that are obtained with the Kolmogorov-Smirnov type statistic are quite similar. The results that we obtain show that the statistic works reasonably well for these sample sizes, though the empirical sizes are always below the nominal ones. In addition, the performance of the statistics does not seem to be very sensitive to the choice of the smoothing value, especially in the second experiment.
CONCLUDING REMARKS
In this paper we discuss how to test if the distribution of errors from a nonparametric regression model belongs to a parametric family of continuous distribution functions. We propose using test statistics that are based on a martingale transform of the estimated empirical process. These test statistics are asymptotically distribution-free, and our Monte Carlo results suggest that they work reasonably well in practice.
The present research could be extended in several directions. First of all, it would be interesting to extend our results to the case of testing symmetry of the error distribution in a nonparametric regression model. We should take into account that the null hypothesis is no longer a parametric one; thus, the martingale transformation cannot be estimated parametrically and the usual problems with nonparametric convergence rates may arise. Related references in this context are Dette el al. (2002) and Neumeyer and Dette (2007) , where a simple symmetric wild bootstrap is proposed to mimic the distribution of the statistic. Comparison of level and power properties for finite samples with the new martingale approach would be interesting.
A generalization to models with higher dimensional covariates would be desirable, but it is not straightforward to extend the results of Akritas and Van Keilegom (2001) due to the so-called curse of dimensionality. However, these results should suffice to derive asymptotic properties in additive models. To that end, we should first provide an "oscillation like result" for the empirical distribution function of residuals in additive regression models. Thus, the proof for our martingale transformed process could be generalized to this sort of models, because we do not use the specific form of the model here.
In addition to this, it would be also interesting to extend the results we have 
= (I) − (II).
By Taylor expansion, the second term admits the approximation
where F θθ denotes the second partial derivative of F (·, ·) with respect to the second argument and θ denotes a mean value between b θ and θ 0 . Apply assumption 9 to show that the last term is O p (n −1/2 ). (2001), we obtain the following expansion of the empirical c.d.f. based on the estimated residuals b ε i :
From Theorem 1 in Akritas and Van Keilegom
and
where ϕ 1n (·, ·), ϕ 2n (·, ·), β 1n and β 2n are as defined above. The proposition follows immediately by appealing to (4) and (5) in (3). ¥ Proof of Theorem 1: First we prove the theorem for b K n . Note that, under
, where we define
and β n (·) is defined above. To derive the asymptotic distribution of b K n , it suffices to prove that b D n (·) converges weakly to D(·), and then apply the continuous mapping theorem. From Proposition 1 and (6), it follows that b D n (·) has the same asymptotic behaviour as
To analyze the process D n (·), we follow a similar approach to that used in the proof of Theorem 3.1 in Dette and Neumeyer (2007) , though now an additional term turns up due to the estimation of parameter θ 0 . We can rewrite ϕ(·, ·, ·) as follows:
We also have for the bias part
where we use the prime and the double prime to denote the first and second order derivatives of the corresponding function, respectively. Observe that the bias can be omitted if nh 4 n = o(1). By assumption 9 and replacing (7) in D n (z), we obtain
where the last line defines the process e D n (·). Obviously, under our assumptions,
For s, t ∈ R, straightforward calculation of the covariances yields To prove weak convergence of process D n (·), it suffices to prove weak convergence of e D n (·). Let ∞ (G) denote the space of all bounded functions from a set G to R equipped with the supremum norm kvk G = sup g∈G |v(g)|, and define G = {δ z (·), z ∈ R} as the collection of functions of the form
With this notation, observe that
is a G-indexed empirical process in ∞ (G). Proving weak convergence of e D n (·) in ∞ (G) entails that the class G is Donsker. Following Theorem 2.6.8 of van der Vaart and Wellner (1996, p.142) , we have to check that G is pointwise separable, is a Vapnik-Červonenkis class of sets, or simply a VC-class and has an envelope function ∆(·) with weak second moment 1 . Using the remark in the proof of the aforementioned theorem, the latter condition on the envelope can be promoted to the stronger condition that the envelope has a finite second moment. Pointwise separability of G follows from p. 116 in van der Vaart and Wellner (1996) . More precisely, define the class G 1 = {δ z (·), z ∈ Q}, which is a countable dense subset of G (dense in terms of pointwise convergence). For every sequence z m ∈ Q with z m & z as m −→ ∞, which means that z m decreasingly approaches z as m −→ ∞, and δ z (·) ∈ G, we consider the sequence δ z m (·) ∈ G 1 . First, for each ε ∈ R, the
P is the probability measure corresponding to the distribution of ε,
1 Consider an arbitrary collection X n = {x 1 , ..., x n } of n points in a set X and a collection C of subsets of X . We say that C picks out a certain subset A of X n if A = C ∩ X n for some C ∈ C. Additionally, we say that C shatters X n if all of the 2 n subsets of X n are picked out by the sets in C. The VC-index V (C) of the class C is the smallest n for which no set X n ⊂ X is shattered by C. We say that C is a VC-class if V (C) is finite. Finally, a collection G is a VC-class of functions if the collection of all subgraphs {(x, t), g(x) < t}, where g ranges over G, forms a VC-class of sets in X × R. See van der Vaart and Wellner (1996, chapter 2.6) for further details.
For z ∈ R, we may rewrite (8) as δ z (ε) = g 1 (ε) + g 2 (ε), where g 1 (ε) = I(ε ≤ z)
Let us now define the class of all indicator functions of the form
such that g 1 (·) ∈ C 1 . Consider any two point sets {ε 1 , ε 2 } ⊂ R and assume, without loss of generality, that ε 1 < ε 2 . It is easy to verify that C 1 can pick out the null set and the sets {ε 1 } and {ε 1 , ε 2 } but cannot pick out {ε 2 }. Thus, the VC-index V (C 1 ) of the class C 1 is equal to 2; and hence C 1 is a VC-class.
Note that ψ(·, ·, ·) = (ψ 1 (·, ·, ·), ..., ψ m (·, ·, ·)). We define the class of functions
By Lemma 2.6.15 of van der Vaart and Wellner (1996) and assumption 9, for fixed X ∈ R, the class of functions C 2 is a VC-class with
Finally, by Lemma 2.6.18 of van der Vaart and Wellner (1996) , the sum of VC-classes builds out a new VC-class. This yields the VC property of G. Recall that an envelope function of a class G is any function
is bounded away from zero, sup ε∈R |εf (ε, θ)| < ∞ and that F (·, ·) has bounded derivative with respect to the second argument, it follows that G has an envelope function of the form
0 is a (3 + m) × 1 vector of constants. Finally, note that our assumption 9 readily implies that this envelope has a finite second moment, which completes the proof of part a.
On the other hand, under our assumptions,
by applying the mean-value theorem, Thus, irrespective of whether H 0 holds true or not, For the second test statistic observe that b
As before, the asymptotic distribution of this statistic can be obtained from Proposition 1 and the uniform convergence of b
The following two propositions are required in the proof of Theorem 2.
Proposition A1: Suppose that assumptions 1-11 hold. Then,
Proof: Under assumption 7, q(·, ·) is continuously differentiable with respect to θ. Thus, by a Taylor expansion we obtain q(u,
where θ * lies between b θ and θ 0 . Observe that
where the first inequality follows using ||q(u,
, and the last equality follows using assumptions 9 and 11. More precisely, using assumption 9, it is straightforward to show that
, and we get
Under the alternative hypothesis H 1 , from assumption 9, b θ − θ 0 = o p (1), and we get
Suppose that assumptions 1-11 hold. Then,
Proof: As above, under assumption 7, q(·, ·) is continuously differentiable with respect to θ. Thus, by a Taylor expansion we obtain q(u, b θ) = q(u, θ 0 ) +
, where θ * lies between b θ and θ 0 . Therefore,
By assumption 9, it is straightforward to show that, under
and the remaining term is o p (1) using some uniform strong law of large numbers. 
From
A parallel analysis establishes similar results for the remaining components of Q(·).
can be rewritten as follows
Using the linearity of Γ(·), (6) and (7), routine calculations yield that
. Using Proposition 1, the linearity of Γ(·) and (6), it follows that
Notice that the bias term β n (·) = f (z, θ 0 )β 1n + zf (z, θ 0 )β 2n can be omitted if Khamaladze, 1981 or Bai, 2003 .
Let us now define f
and A2 imply that assumption D1 of Bai (2003) holds. Hence, to prove that
, we follow exactly the lines of the proof of Theorem 4
of Bai (2003) .
Thus, for every t 0 ∈ (0, 1), it follows that
We next show that (I), (II) and (III) are all small under H 0 . We first prove
Analogously, from (9), we have
Thus, (III) can also be expressed as follows
Now observe that using Proposition 1, assumption 6 and z = F −1 (t, θ 0 ), for the estimated empirical process we can write
where g(t) ≡ (Q 2 (t), Q 3 (t), Q 4 (t)) 0 and Σ n = (
where · g(·) denotes the derivative of g(·). Therefore, for all s in (0, t 0 ), applying Cauchy-Schwarz inequality and (12), we derive that
where the last equality follows from propositions A2 and A1. Similarly, reasoning as in (13),
To see the last equality, note that R 1 s q(F −1 (r, θ 0 ), θ 0 )dV n (r) = O p (1) by the functional central limit theorem and, ||C −1 − C −1 || = o p (1), uniformly in s, using the same argument as in Bai (2003, p. 548) . Finally,
Therefore, from (10), (13), (14) and (15), we have
where the last equality follows from propositions A1.
To analyze (I) and (II), observe that, under assumptions 7 and 9, f (·, b θ) = f (·, θ 0 ) + o p (1) (this follows applying a Taylor expansion). Hence,
Using the same arguments as above it is straightforward to show that (I) = Similarly, from Proposition 1 and the uniform convergence of b
, and hence C n,z 0 converges in distribution to
This completes the proof of part a.
On the other hand, under H 1 , the assertion can be deduced from the probability limit of n −1/2 c W n (z), which is
Let us first assume that Υ(z) = 0 for every z ∈ R; if this is the case, then ∂Υ(z)/∂z = 0, and this amounts to saying that 
If we integrate the two terms in (17), and also these two terms premultiplied by z, z 2 and z 3 , we derive a system of four linear equations in four unknowns. Under our assumptions, which ensure that the integration and differentiation operators can be exchanged, the only solution to this system is Π 1 = Π 2 = Π 3 = Π 4 = 0;
this implies that f ε (z) = f (z, θ 0 ). Thus, we have proved that if Υ(z) = 0 for every z ∈ R, then H 0 holds; therefore, under H 1 , there exists z * ∈ R such that Υ(z * ) 6 = 0, and if z 0 ≥ z * then n −1/2 K n,z 0 converges in probability to 
